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; V\L ~ XE_ wÌT]^ V R  X wèRUTQ^x X N{bcN _ w \L wÜÛU^aT]wèTQ^ V RrNPOnT`b V Ru{uSNSRUT L w _ bEwèRWO _ NPO`u V RWOT LQX uTQ^ V ROZT tMN V\L ^ X NvO
 X ^
TQNSRUT]NSRUTPOn^tuN R  NPOnT X REN X RE^=?WuSwèTQ^ V R6T V Tw _ N\w X ~ V ^RO X REN X RE^`?½uSwÌT]^ V R K w L TQ^N __ N bcNvO{^RUTQN L w\uTQ^ V RO
; V RbEw\~pNSRUT]w _ NvOSÞBk [ TQNPRE^ LﬂX RENfT tMN V\L ^aNr X wèRUTQ^x X N bcN _ w YL wÜÛÍ^aT]wÌT]^ V R6R MNvuNPO]OQ^yT]N bcNr~ V bE^`?N L O V ^yT _ w
äZN _ wÌT]^aÛÍ^aT MN
é




X wèRUTQ^x X NﬃNT KEL]V\[ w [E_ NP~pNSRUT _ NPOgbcN X ç}ÞÜw L ~p^ _ NPOR V ~ [EL N X ç
~ V b áN _ NPOT CMN VYL ^x X NPOÛÍ^xOQw\RUT{uNT V\[ >Nvu¿TQ^=; _ wrT tMN VYL ^NbcNPO{u V\L bcNvO¬NT _ w \L wÜÛÍ^yT MN X wèRUTQ^x X N áw [½V\X u _ N
O V RYTZO <XEL NP~pNSRUT _ NPOtbcN X çÛ V ^aNvO _ NPO KE_X O KEL]V ~pNTQTQN X OnNvOSÞcæ _a_ NPO KEL]V u áNPbENSRUT K½V\XEL T]w\RUTtbcNbcN X ç~wèRE^ áN L NPO
bc^  MN L NPRYT]NPOPÞ àc X RN K w L Tv _ wCT tMN V\L ^aNﬃbENPOµu V\L bcNPO±REN¯u  N L u  N K w\O±OQN XE_ NS~pNPRYT X RENB; VYL ~ XE_ wÌTQ^ V R¬ X w\RYT]^ X N
bcN _ w \L wÜÛÍ^yTwÌT]^ V R*~wè^xOﬂw X O]On^ áw X RE^=?N L{_ NPROnNP~ [E_ NfbcNvO{^RUTQN L wYu¿TQ^ V RWOSÞ
s
V R VYL ^  ^RENO V uS^ VY_aVY ^x X NOnN
T L]V\X ÛYN L wè^aT KE_X T <V TÁb X u <V T MNtbENPOq4!&J-6$)#/`F3P$oﬀ#32NTﬃÛÍ^OQNZNPO]OQNSRUTQ^N __ NP~pNSRUT áwl; wè^ L N MNP~pN L] N LX RNtT tMN V\L ^aNtbcN
_ w YL wÜÛÍ^aT]wèTQ^ V R X wèRUTQ^=?Ww [E_ Nqb  X RENqw KEKEL]V u  N
bcN
T ÍK N $x1ﬀsNJ-6ﬀKEﬀ)21!&J 43+YUu V Rb X ^O]wèRUTÁO V\X Û\NSRUT áwbcNPO
~ V bc^=?WuPwÌTQ^ V RWO¯b X
ë
w YL w\R  ^NSRpb  æﬃ^ROnTQNS^Rcðê
^ _a[ N L TPÞ àc w X T L N K w L Tv _ w YL wÜÛÍ^aT MNZ X wèRUT]^ X N áw [WVYX u _ N
NvOT
 X wèRUT áwN __ N¬~ V ^aRWOwè~ [ ^aTQ^N X OQN\O V R [EX T MNTwèRUT X RE^x X NS~pNPRYT`b  VY[ TQNPRE^ L
X REN ; VYL ~ XE_ wÌTQ^ V R X w\RYT]^ X N
bcN _ w \L wÜÛU^aT]wèTQ^ V R±}NSTO V R V\L ^  ^aRENO V u^ V\_V\ ^x X NpOnN L w\^yT áwu  N L u  N L b X u <V T MNbENPO9-:ﬀ/=&($7ﬂsF36$Gﬀ#3¿Þ
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 ^xb MNSN
bcN uNSTnTQN*; V\L ~ XE_ wÌT]^ V Ru V ROQ^OnTQN áw MNST]w [_ ^ L bcNR VYX Û\N _a_ NPO LPáN Y_ NvOpbcN  X wèRUTQ^=?WuPwÌTQ^ V R K N L ~ﬂNSTnTwèRUT X REN
 X wèRUTQ^=?WuSwèTQ^ V RﬀR V Rcð K N L T XLQ[ wèTQ^Û\N¬bcN _ wäZN _ wèTQ^ÛU^aT MN
é
MNSR MN L w _ NYÞ à  X REN{uSN L T]w\^aREN¬~w\RE^ áN L N\ _ NPOtT CMN VYL ^NPO
bcNPOu VYL bENPOTQNSRUT]NSRUT/bcN ; w\^ L N MNS~pN L] N L_ w YL wÜÛÍ^aT]wèTQ^ V R b  X RENﬂT tMN VYL ^N{ X wèRUT]^ X NpbcNPOu  w\~ K O X RE^=? MNSN
T]wèRWbc^OC X N _ w YL wÜÛÍ^aT MN
 X w\RUTQ^x X N áw [½V\X u _ N`O  N  V\L uNqbcNqb MNSÛ\N _aVYKEK N L bENPOÁ~ MNT V bENPO¯bENq X wèRUT]^`?WuPwÌT]^ V R
w\bEw K T]w [E_ NvO áw _ w*äZN _ wÌT]^aÛÍ^aT MN
é
MNSR MN L w _ N\Þg|ÁNvO/T CMN VYL ^NPOP [ ^aNPR X N _V ^R.b e<NST L N u V ~ KE_ áNTQNvOS KELEMNPOQNSRUTQNPRUT
X R6uN L T]w\^aR5R V ~ [EL NbcN LEMN X O]On^aTQNvOS K w L ; V ^O¬u V ~p~ X RNPOP K w L ; V ^xO KELQVYKEL NPOPÞ à w\RO _ NH>N X bcN _ w [ wèT]w\^ __ N
T tMN V\L ^ X N NSR KEÍ On^x X N\ X R3bcNPO YL w\RbEO > XE NvOpNPOnT _ NSç KCMN L ^NSRuSN\Þ V\XEL bc^ MN L NPRu^N L NSRUT L Nﬀ~ V b áN _ NPO
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^aRUT MN Lﬃ<NTOzWbcNvO^RUT MN Lﬃ<NST]OZwYOT LQVYKEÍ OQ^x X NPO K½V\XELq_MNT X bcN{bENPO VY[ >NTO _ NPO KE_aX O
ÛÍ^ VY_ NPRUT]Ob X u V OQ~ V OZNST`b X
u#S XEL bcNvO  w _ wÌçc^NPOP}NSRu V OQ~ V\_V\ ^aNÛU^xw _ X TQ^ _ ^O]wÌT]^ V R5bcNvO¬ X w\O]w L Oqu V ~p~pNO V RbcNﬂNT K w L`_ w KWV OQOQ^ [E_ N
KELQV b X u¿TQ^ V R6bcNpT LQVYX OR V ^ L O¬b XEL wèRUT _ NvOT VYX TQNvO KEL NS~p^ áN L NPO
; L wYu¿T]^ V RO¬bcNﬁ; L w\u¿T]^ V RO¬bcNﬁ; L w\uTQ^ V ROPÞaÞÞ±bcN
OnNvu V RWbcNrbEN _ ñRE^Û\N L OPgNSTNSR?RµbENPOﬂ^a~ KE_ ^xuSwÌT]^ V ROpNSR KEÍ On^x X N $-
.
ﬀ#3 ; V RbEw\~pNSRUT]w _ NYu V ~p~pN R V\X O
w __aV RO _ NÛ V ^ L T V\X Tw Xr_aV R  bcN¬uN¬~wèR X O]u L ^yT
bcN`T áNPOQN\Þ
ë
N KEL]V uSNPO]O X OÁb nMNPÛÜw KWVYL wèTQ^ V RfbENPOCT L]V\X OtR V ^ L OPcwè^ROQ^} X N¬O V R LX<VY_ NbEw\RO _nMNPR V RuS^wèTQ^ V RfbENPOZ X wÌT L N
KEL ^RuS^ K NPOÁbcN _ w`T  N L ~ V b  Rwè~p^x X NbcNPOT L]V\X OR V ^ L OPÌNPOnTÁuN L Twè^RENS~pNPRYT _ NZ~ MNPuPwèRE^xOQ~ﬂN _ N KE_X O¯O K NPu¿TwÌð
u XE_ wè^ L N`^~ K_ ^x X wèRUT X RfT]N _VY[ >NTz X RfT LQVYX R V ^ LtKE_ w\u MNbEw\RO _ NÛÍ^xbcNqÛÌw K N L b L NbcN¬OQw{~w\O]OnNYUNST
b V Ru
bc^a~p^R X N L bcNqT]w\^ __ NYÍNSR MNS~pNTQT]wèRUTCT VYX TÁT ÍK N¬bcN K w L TQ^xu XE_ NPO KEL]V Û\NSRWwèRUTÁbcN _ w [EL ^O XEL N`bENPO  X uT X wèTQ^ V RO
 X wèRUTQ^x X NPOgb X ÛÍ^xbcNtu V ~ K T]N¯T]NSR X bcN _ w KELMNvOnNPRuN¯b  X R EV\L ^eg V RµÞÜ|ÁN KEtMNPR V ~ áNPRENﬃNPOnT X RENCu V RO MNv X NSRuSN
bcN _ wfb  Rw\~p^ X N{bENPO`u  wè~ K Oq X wèRUTQ^x X NPOqbEwèRO X R u  wè~ K bcN \L wÜÛU^aT]wèTQ^ V Rr^aRUT]NSROQN\½^aRWb X ^xOQw\RYT X REN
; V\L TQNu VYXEL][EXEL NﬂbcN _ NPO K w\uSNðÎTQNS~ K Oz±^ _ NPOnT X R6w L u CMNT ÍK NﬂbEN _ w T tMN VYL ^N X wèRUTQ^x X NbcNPO/u  wè~ K ONSR





X wèRUT]^ X NNST _ w6äZN _ wÌT]^aÛÍ^aT MN
é
MNSR MN L w _ NYÞ X ^xOQ X N _ w6u V\XEL][EXEL N^aRWb X ^aTQN K w Lf_ NT LQVYX
R V ^ L cNST KE_X O KELEMNPuS^O MNS~pNPRYT _ w KELMNvOnNPRuNb  X R EV\L ^=g V R±cuPw X OQN _ w [EL ^O XEL N¬bcNPO  X u¿T X wÌTQ^ V RWOZb X ÛU^xbcNY _ w
; V\L ~ﬂN/b X O K NPuT L N/bcN K w L T]^u XE_ NvO MNS~p^xOnNvO K w L uN/bcN L RE^N L NPOnTR; V\L TQNP~ﬂNPRUTb MN K NSRWbEwèRUTQN¬b XKLQV ? _±KELEMNPuS^O
bcN _ NvO K wYuNSð T]NS~ K O áw KLQV çc^~ﬂ^aT MNb X T L]V\X R V ^ L Þµ^aROQ^ÎgOQ^ _ wﬀT tMN VYL ^NbcN _ w \L wÜÛÍ^yTwÌTQ^ V RO  wÜÛ áN L N <NT L N
bc^  MN L NPRYT]N`bEN _ wpäZN _ wÌT]^aÛÍ^aT MN
é
MNPR MN L w _ N\\T VYX TZNSRﬀu V RWOnN L ÛÌwèRUT _ w KELMNvOnNPRuN`bcN`T L]V\X OCR V ^ L OCNT _ Nu V RuSN K T
bcNﬂu V\XEL][EXEL N\ _ NﬂO K NPuT L Nb nMNP~ﬂ^xO]On^ V RNvOT`~ V bc^=? MNNT^ _gK N X T¬w _V\L O <NST L N{u V ROQ^b MN LEMN¬u V ~p~pN X R -:ﬀGd{&J-:K
O XELq_ wT tMN V\L ^aN¬b MNPu L ^ÛÜw\RUT _ ^aRUT]N L w\u¿T]^ V R \L wÜÛU^aT]wèTQ^ V RERN __ NYÞW|ÁNTnT]N _ ^  REN{bcN K NPRO MNSN \X ^bcN; V\L TQNS~pNPRYT _ N
T L wÜÛÜw\^ _½KELEMNPOQNSRUT MN
bEwèRWO _ wO X ^aTQNﬂz _ NvOCO K NPu¿T L NvOÁb MNP~p^O]On^ V R bcN
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b  X Rﬂu  w\~ K O]uSw _ wè^ L Nﬃ^a~p~pN L]MNÁbEw\RO X R{NvO K wYuNSð T]NS~ K OgOTwÌTQ^x X NtNT áwqO  ~ MNT L ^NÁO KEtMN L ^x X NﬃNvOTw [½V\L b MNPN
bEwèRO _ NﬂOQNPu V Rb*u  w K ^yT L NpbcNpuNTQTQN K w L T]^aNrz{>N KLEMNvOnNPRUTQN L wè^ X RENﬂ~ MNT EV bcNﬂ X N
>  wè^~p^OQNﬂNSR KE_ wYuNpOnN
[ w\O]wèRUTO XEL




VYL b V R
bEwèRO _ NPO K w\uSNtbENtu V R? \XEL wÌT]^ V R áw X REN K w L T]^u XE_ Ntw\^aRWOn^c X N
O V Rpw KEKE_ ^xuSwÌT]^ V R áw X N _  X NPONvO K w\uNSð T]NS~ K O
u V RWu L NT]OPÞ
ë
NvO LEMNPO XE_ TwÌTO KLEMN _ ^~p^aRWwè^ L NvOb  X RENZNSçÍTQNSRWOn^ V RbcNvO~ MNT V bENPOOQNS~p^yðu _ w\O]OQ^ X NvOgbwèRO _ NvO K w\uN
bcNqu V R? YXEL wÌTQ^ V RbENqu  w\~ K  X T]^ _ ^xOQw\RYT _ w L N KELEMNPOQNSRUTwÌTQ^ V RpbcN
s
u EL#!V bc^R  N L bcN _ w/T tMN V\L ^NbcNPOCu  w\~ K OS
OnN LQV RYT KELMNvOnNPRYT MNPObEw\RO _ N
u  w K ^yT L NZO X ^aÛÌw\RYTvÞ
ë
NPOﬃu  w K ^aT L NPO X ^O X ^Û\NSRUT¯OQN L]V RUTﬃ X wèRUT áwN X çﬂb MNvbc^ MNPOw X
KELQV uSNPO]O X OZb MNPÛÌw K½V\L wÌTQ^ V R áw KEL]V\KEL NS~pNSRUT K w LQ_ N L ÞEÝ  w [WVYL bcN L w\^b  X REN K w L T _ wp~wèRE^ áN L NbcN{uSw _ u XE_ N L bcN
; wãu V RNçEwYu¿TQN _ N`O K NPuT L Nqb MNS~p^xOQOQ^ V RbcN K w L TQ^xu XE_ NPOÁOQuPw _ wè^ L NvOSJ; N L ~p^ V RE^x X NPOÁNTtbcNqO K ^RO@NPR LEMNPO V\_ ÛÌwèRUT
O V ^yTw\Rw _ TQ^x X NS~pNSRUTvµO V ^yT/R X ~ MN L ^x X NS~pNPRYT _ NPO MNP X wèTQ^ V RO¬bcN u  wè~ K bEwèRWO X RENf~ MNT L ^x X NpbEN9; V Rb
^aRb X ^yT]N K w LgX RT L]V\X R V ^ L Þ\|ÁNPOguSw _ u XE_ OO V RUT^Rbc^xO K NPROQw [E_ NPOwJ?RﬂbcNtb MNT]N L ~p^aREN L_ w KELQVY[ w [ ^ _ ^yT MN¯ Xa X REN
K w L TQ^xu XE_ N^xO]O X N`b  X REN   X u¿T X wÌT]^ V R b X ÛÍ^bcN KEX ^xOQOQN MNPu  w KEK N L`áw _ wÌTQT L w\u¿T]^ V R \L wÜÛÍ^yTwÌT]^ V REREN __ N
b X T LQVYX
R V ^ L ±w KEK N _MNSNaF#&M)$Gﬀ- KMﬀ )ON(-4%3 dM-6F3ÞÝ  ^aRWOn^xOT]N L wè^O XEL¬_ w R MNvuNvOQOQ^yT MNb  ^RÍÛ\NPOnTQ^  wèTQ^ V RO`R X ~ MN L ^x X NPOqNT
KELEMNPOQNSRUTQN L w\^ _ N KEL]V\YL w\~p~ﬂN X Nﬁ>  wè^ LEMNvw _ ^O MN K N L ~pNTQT]w\RYT _ N uPw _ u XE_ bcN uNvOﬁ; w\uTQN XEL OfbcN u VYLQK O \L ^O
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First order WKB results
Improved WKB results
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]H rωNormalized energy of the particle [
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Min and max IS flux
Average TOA flux
Min and max TOA flux
Average IS flux, with inelasticity
Min and max IS flux, with inelasticity
Average TOA flux, with inelasticity
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(MP=2 TeV, n=7) - Fit: n=6.69 ±
 0.40
(M
P=3 TeV, n=4) - Fit: n=3.86 ±
 0.34
(M
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MP = 1 TeV
MP = 3 TeV
MP = 5 TeV
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